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ABSTRACT
A unique and often overlooked property of a source loaded with relativistic protons
is that it can become supercritical, i.e. it can undergo an abrupt transition from a
radiatively inefficient to a radiatively efficient state once its proton energy density
exceeds a certain threshold. In this paper, we investigate the temporal variability of
hadronic systems in this hardly explored regime. We show that there exists a range
of proton densities that prevent the system from reaching a steady state, but drive it
instead in a quasi-periodic mode. The escaping radiation then exhibits limit cycles,
even if all physical parameters are held constant in time. We extend our analysis
to cases where the proton injection rate varies with time and explore the variability
patterns of escaping radiation as the system moves in and out from the supercritical
regime. We examine the relevance of our results to the variability of the prompt
gamma-ray burst emission and show that, at least on a phenomenological level, some
interesting analogies exist.
Key words: astroparticle physics - instabilities - radiation mechanisms: non-thermal
- gamma-ray burst: general
1 INTRODUCTION
Hadronic models for high-energy emitting sources, such
as active galactic nuclei (AGN) (e.g. Sikora et al. 1987;
Mannheim 1993; Rachen & Me´sza´ros 1998; Aharonian
2000; Mu¨cke & Protheroe 2001) gamma-ray bursts
(GRB) (Waxman & Bahcall 1997; Bo¨ttcher & Dermer
1998; Kazanas et al. 2002; Murase & Nagataki 2006;
Asano & Inoue 2007), and binary systems (e.g.
Romero et al. 2003, 2005; Vieyro & Romero 2012), consti-
tute an alternative to the widely accepted leptonic models.
An often overlooked, yet unique, property of sources loaded
with relativistic protons is the abrupt transition from a
low to a high radiative efficiency regime. The onset of
this transition, which is coined “proton supercriticality”
(Kirk & Mastichiadis 1992), occurs when the energy density
of protons in the source exceeds a certain threshold (critical
value). The energy stored into protons is then released fast
(i.e., within a few dynamical timescales) and with a high
radiative output. As a consequence, the number of photons
increases abruptly in the source, leading to additional
cooling of the protons.
The temporal evolution of the proton distribution in
the source strongly depends on that of the photons and vice
⋆ E-mail:m.petropoulou@astro.princeton.edu
versa. Despite the complexity of the radiative processes that
are involved in this coupling (e.g., photopion and photopair
production processes), it turns out that the equations gov-
erning their temporal evolution are of the Lotka-Volterra
type (Petropoulou & Mastichiadis 2012a). Even if energy is
provided into the hadronic system at a constant rate, this
may exhibit intrinsic variability in the form of quasi-periodic
oscillations whose frequency increases as the system is driven
deeper into the supercriticality. In more realitistic situations,
the energy injection rate may also vary with time push-
ing the system in and out of the supercritical regime. This
can lead to the production of structured light curves which
may have some relevance to those observed from high-energy
emitting sources.
The response of the hadronic system to time-dependent
variations of the energy injection was investigated in the con-
text of blazars, a subclass of AGN with jets pointing towards
the observer (Mastichiadis et al. 2013). For the relevant pa-
rameters, the system always lied in the so-called subcritical
regime that is characterised by low radiative efficiency. The
response of the hadronic system to time-dependent varia-
tions of the energy injection in the supercritical regime re-
mains, however, hardly explored. Aim of the present paper
is to investigate the temporal properties of the hadronic sys-
tem in the supercritical regime by studying the photon light
© 2018 The Authors
2curves and their respective Fourier transforms in cases where
the energy injection is also time variable.
The present paper is structured as follows: In Section 2
we present the physical conditions of the model and outline
our methods. In Section 3 we first explore the transition
between subcritical and supercritical states in the case of
constant proton injection and then we examine the case of
variable injection. In Section 4 we produce light curves for
GRB-like parameters and show that there are some analo-
gies between our results and the observed GRB light curves
of the prompt phase. We conclude in Section 5 with a dis-
cussion of our results.
2 PROTON SUPERCRITICALITIES
In what follows we present the principles of the hadronic
supercriticality and we describe briefly the numerical code
that we will use.
2.1 The concept
Relativistic protons inside compact sources can interact with
ambient magnetic fields and radiation through synchrotron,
photopair (Bethe-Heitler), and photopion production pro-
cesses. Relativistic electron-positron pairs are injected in
the source via the Bethe-Heitler process, whereas photo-
pion interactions result in the production of many unsta-
ble charged particles, like pions (π±, π0), muons (µ±) and
kaons (K±,K0), which decay into lighter particles. For ex-
ample, the decay of π± results in the injection of secondary
relativistic electron-positron pairs: π± → µ± + νµ(ν¯µ),
µ± → e± + ν¯µ(νµ) + νe(ν¯e), while π
0 decay into very high
energy γ-rays. Relativistic neutrons are also a by-product
of photohadronic collisions and they may also interact with
ambient photons before they decay, as their lifetime is pro-
longed by a factor equal to their Lorentz factor.
The injection of secondary relativistic leptons increases
significantly the number of synchrotron photons in the
source, while protons do not typically cool fast. The combi-
nation of these two effects may give rise to hadronic su-
percriticalities, while leading to some interesting tempo-
ral behaviour. This was first pointed by Stern & Svensson
(1991) with the help of a Monte Carlo code that treated
proton losses and emission from its secondaries. Later
Mastichiadis & Kirk (1995) found a similar behaviour by nu-
merically solving a system of three time-dependent coupled
kinetic equations describing the evolution of protons, elec-
trons, and photons in a spherical volume entrained by a mag-
netic field. The numerical findings of Mastichiadis & Kirk
(1995) verified that relativistic protons inside a volume can
become supercritical once a feedback and a marginal sta-
bility criterion are simultaneously satisfied, as first demon-
strated by the stability analysis of Kirk & Mastichiadis
(1992).
The basic concept of the hadronic supercriticality is
simple and can be understood as follows. The injection of
relativistic protons inside a source will result in an increase
of their energy density as long as protons do not cool effi-
ciently or escape from the system. When the proton energy
density becomes sufficiently large, protons may become tar-
gets of their own radiation (either directly from their syn-
chrotron radiation or indirectly from the radiation of their
secondaries). This leads to an exponentiation of the number
of photons in the source and eventually to very fast proton
losses due to the proton-photon coupling through photopair
and photopion interactions. The radiative feedback on the
protons is feasible, if the produced photons are energetic
enough to meet the threshold conditions of the two afore-
mentioned photohadronic processes. These, in turn, trans-
late to conditions between the proton maximum energy
and the strength of the magnetic field (Kirk & Mastichiadis
1992).
Petropoulou & Mastichiadis (2012a) derived a simpli-
fied network of equations describing the evolution of pro-
tons and photons when both species are coupled via photo-
hadronic interactions while energy is being pumped into the
system at a constant rate. By performing linear stability
analysis to the system of equations, they showed that the
behaviour of the system can fall generally into two broad
categories:
(i) for low enough proton densities (subcritical regime),
a steady state (equilibrium) is established after a few dy-
namical timescales; the photon and proton densities do not
evolve with time.
(ii) for high enough proton densities (supercritical
regime), the temporal evolution of the proton and photon
densities resembles that of a “prey-predator” system and the
light curve exhibitis quasi-periodic oscillations (limit cycles).
2.2 The numerical code
The study of hadronic supercriticalities and of the system’s
temporal evolution requires a numerical approach which
can treat radiative feedback effects in a self-consistent way.
For this purpose, we have adopted a numerical code that
solves a set of five time-dependent, energy-conserving ki-
netic equations, describing the evolution of the energy dis-
tributions of the stable particle populations in the source
(Dimitrakoudis et al. 2012). The code is ideal for address-
ing various topics, such as the efficiency of energy con-
version from protons to photons and neutrino (see also
Petropoulou et al. 2014b,a, 2015), the relation between their
respective spectral shapes, as well as the temporal behaviour
of the system, a feature that is central for the present paper.
The input parameters to the code are the source size R,
the magnetic field strength B, the particle escape timescale,
tesc ≥ R/c, and the characteristics of particles (protons and
primary electrons) at injection, i.e., the power-law slope, the
minimum and maximum Lorentz factors of the distributions,
as well as the injection compactness ℓp,e. This is a dimension-
less measure of the particle luminosity Le,p and is defined
as ℓe,p = σTLe,p/4πRme,pc
3.
To delineate the role of protons from that of the pri-
mary (i.e., accelerated) electrons to the system’s evolution,
we choose Le ≪ Lp, i.e. primary electrons make a negligible
contribution to the radiation energy density of the system
at all times.
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Figure 1. Plot of the photon compactness (in logarithm) versus
time (measured in units of R/c) for a sequence of proton injection
compactnesses that differ from each other by a factor of two.
Other parameters used are: B = 3×103 G, R = 1012 cm, γmax =
3× 107, γmin = 1, s = 2 and tesc = 1000 R/c. For this particular
set, we have also determined numerically the characteristic values
of the proton compactness, namely ℓp,cr ≃ 6.3×10−5 and ℓp,ss ≃
4× 10−4.
3 VARIABILITY PATTERNS
3.1 Constant proton injection
The variability expected in the case of constant injec-
tion in the supercritical regime has been presented by
Petropoulou & Mastichiadis (2012a). Here, we repeat their
main findings through an indicative example, which will
serve as the basis of this study.
The parameters that bring the system in a supercriti-
cal state are not known a priori. Kirk & Mastichiadis (1992)
have provided some analytical relations that have been later
verified numerically (Mastichiadis et al. 2005), but these do
not constitute a comprehensive set of the supercriticality
conditions. For any set of parameter values, one has to deter-
mine numerically the “critical” proton compactness (ℓp,cr)
above which the system enters the supercritical regime.
We, therefore, performed a suite of numerical runs to de-
termine ℓp,cr, where we were increasing ℓp by a factor of two
over its previous value, while keeping all the other free pa-
rameters of the problem fixed (B = 3×103 G, R = 1012 cm,
γmax = 3 × 10
7, γmin = 1, s = 2 and tesc = 1000 R/c). Fig-
ure 1 presents a typical set of light curves from our simula-
tions. For low enough proton injection values, the light curve
steadily increases until it reaches a constant value (black
dash-dotted line). The system goes into a steady state with-
out entering the supercritical regime. The proton density
does not build inside the source to high enough values as to
trigger self-sustained photohadronic reactions with the pro-
ton synchrotron photons. The main energy loss mechanism
is proton synchrotron radiation which is, for the given set
of initial parameters, inefficient. Consequently, the photon
luminosity is low and the system is radiatively inefficient
in that only a small fraction of the injected proton power
is transformed into radiation. For sufficiently high values
of the proton compactness, the above picture changes dras-
tically and the system enters into the supercritical regime
(dashed lines). The transition is manifested by flares that
release a substantial part of the energy stored in relativistic
protons. During the flares the photon luminosity increases,
in the present example, by a factor of ∼ 300. As the number
of photons increases exponentially, protons undergo severe
energy losses and move back into the subcritical regime lead-
ing photons back to low state. The flares can therefore last
only for a few dynamical timescales.
The radiative efficiency increases as most of the proton
energy is turned into radiation, albeit in an intermittent way.
We thus determined ℓp,cr to be the lowest value of the proton
compactness that produces at least one photon flare within a
time interval equal to tesc
1. As ℓp increases beyond ℓp,cr, the
system is driven deeper into the supercritical regime. This
is manifested by the increased number of photon flares and
by the shorter time interval between successive outbursts.
However, if ℓp exceeds another characteristic values, which
we shall define as ℓp,ss, the system reaches once again a
steady state. This may happen either through a series of
dumped oscillations or, as in the present case, via an initial
outburst (solid blue line). A further increase of ℓp does not
change the basic picture as the system reaches still a steady
state but now at earlier times (solid orange line). Note that
in this supercritical steady state the system is efficient: the
proton luminosity is radiated away in the form of photons
and neutrinos via the photohadronic processes that become
increasingly important as the proton injection compactness
increases.
From the above analysis, it is evident that for a given
set of parameters one can find two values of ℓp that deter-
mine fully the hadronic system’s temporal behaviour and ef-
ficiency. On the one hand, the system is driven to the super-
critical regime and limit cycle behaviour for ℓp ≥ ℓp,cr, and,
on the other, if ℓp is to exceed the value ℓp,ss, then any in-
trinsic variability is suppressed and the system reaches once
again a steady state. In other words, the values of the pro-
ton injection compactness lying in the range (ℓp,cr, ℓp,ss) act
oppositely to a frequency filter, since they allow the emer-
gence of intrinsically periodic signals. In summary, we iden-
tify three regimes based on the value of the proton compact-
ness:
• low zone, for ℓp < ℓp,cr. The system is subcritical, shows
no intrinsic variability, and has low radiative efficiency.
• intermediate zone, for ℓp,cr < ℓp ≤ ℓp,ss. The photon lu-
minosity varies quasi-periodically, even if the source of par-
ticle injection is constant in time. The radiative efficiency is
high.
• high zone, for ℓp > ℓp,ss. The radiative efficiency is high,
but any intrinsic quasi-periodicity disappears.
Note that the above is only an illustrative example that will
help extend our analysis to time variable proton injection. A
more comprehensive study on the dependence of ℓp,cr, ℓp,ss
on the parameters of the problem, such as the magnetic field
and γmax will be the subject of a forthcoming publication.
1 In the absence of proton losses, the system would reach a steady
state within the same time interval.
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Figure 2. Histogram of the 105 random numbers following nor-
mal distributions with different means (µ) and dispersions (σ) –
see inset legend. N = 1000 numbers were drawn from each distri-
bution to simulate the proton injection compactness as a function
of time according to eq. (1). The values of µ, σ were appropriately
chosen to conserve the total injected energy. For reference, we also
mark on the plot the values of ℓp,cr and ℓp,ss (dashed and dotted
lines, respectively).
3.2 Variable proton injection
As there is no a priori reason for assuming a constant parti-
cle injection rate in the emission region, here we study the
effects of a variable source of injection on the variability
properties of the hadronic system. For reasons of concrete-
ness, we adopt the same parameter set as the one used in
the previous section, which we keep fixed from this point on.
We assume that ℓp shows small amplitude variations
on the light crossing timescale of the source, while its power
spectral density (PSD) is described by a power law, i.e. Pf ∝
f−α. In particular, we study the properties of the photon
light curves and their PSDs for the characteristic cases of
α = 0 (white noise) and α = 2 (red noise).
3.2.1 White noise
At each time step τi+1 ≡ cti+1/R, the logarithm of the pro-
ton compactness is determined by its value at the previous
time step as:
gi+1 = gi + ri, i = 1, · · · , N − 1 (1)
where g stands for log ℓp, N = 1000, and r is a random
number drawn from a normal distribution with mean µ and
dispersion σ. We performed four numerical simulations with
the same initial conditions (i.e., τ1 = 0 and g1 = −4.4) but
with different values of (µ, σ) – for details, see the caption
of Fig. 2. The amount of time that ℓp spends in the three
regimes defined in Sect. 3.1 is different for the four cases.
However, by choosing appropriately the characteristics of
the normal distribution, i.e. its mean µ and its dispersion
σ, we ensure that the total injected energy into the system
(einj =
∫
dτ ℓp(τ )) is the same in all cases.
The photon compactness as a function of time obtained
for the different time profiles for ℓp described above is shown
in Fig. 3. In all cases we find that the shortest time varia-
tions of ℓp (i.e., on one crossing timescale) are absent from
the photon light curves, even when the system is driven in
the supercritical regime where cooling of relativistic protons,
at least, is efficient. Although the amount of energy being
provided to the system is approximately equal in all four
cases, the way that the energy is being released differs sig-
nificantly: through large amplitude flares (panel a) to small
amplitude flares that follow on average the variations of the
injection (panels c and d). The radiative efficiency of the
system also increases from panel (a) to panel (d), since the
time that ℓp lies above ℓp,cr becomes increasingly larger.
3.2.2 Red noise
As a next step, we introduce a variable injection that can
be described by a red noise process, i.e., less power is being
injected at shorter timescales. This case where all timescales
are not equivalent might be more relevant to astrophysical
sources. Similarly to the previous paragraph, the logarithm
of the proton injection compactness is modelled as:
gi+1 = gi +A(−1)
[ui], i = 1, · · · , N − 1 (2)
where u is a random number uniformly distributed in (0,10),
[· · · ] represents the integer part of a number and A is the
amplitude of the variation. Given a series of random num-
bers, the parameter A determines for how long ℓp lies in the
low, intermediate, and high regimes, respectively. We start
from g1 = −4.4 using the same series of random numbers
for four values of A (0.05, 0.075, 0.1, and 0.125). In con-
trast to the numerical simulations presented in Sect. 3.2.1,
the total injected energy increases between successive runs
of larger A values. In addition, the system spends more time
in the supercritical regime (including the intermediate and
high zones), as A increases.
The light curves are presented in Fig. 4 for increasing
values of A from panel (a) to (d). Two major outbursts are
produced in the first case (panel a) that carry a substantial
amount of the energy stored in protons. These outbursts ap-
pear almost periodically and the temporal behaviour of the
system is similar to the limit cycle behaviour discussed in
the case of constant particle injection. The photon luminos-
ity increases by a factor of ∼ 1000 during the two outbursts
and it can exceed, for a few crossing times, the one injected
in protons. If the proton’s compactness does not exceed for
a long time ℓp,ss, the outbursts will have a duration of only
a few R/c as the photons will keep rising until the protons
cool in such a degree as to drive the system to the subcrit-
ical regime. Meanwhile, photons leave the system and the
burst duration is essentially defined by R/c. In this case the
outbursts are single spikes. If the proton synchrotron cool-
ing timescale is long, like in this specific example, all small
scale structure originally seen in the proton injection curve
is wiped out from the photon light curve.
Panel (b) demonstrates a case where the system has
a higher total energy budget and therefore enters the su-
percritical regime more often. The bursts that appeared as
single spikes in panel (a) now exhibit sub-structure that
mimics that of the proton injection temporal profile. The
appearance of substructure happens when the system en-
tered the high zone (ℓp > ℓp,ss) for long enough time as
to suppress any intrinsic quasi-periodicity. The same holds
if the system returns to the subcritical state, although the
MNRAS 000, 1–?? (2018)
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Figure 3. Plot of the proton (top) and photon (bottom) compactnesses (in logarithm) as a function of time (in R/c units) obtained for
different normal distributions of random numbers. Results for (µ, σ) = (−3.8, 0.75), (−3.6, 0.62), (−3.4, 0.46), and (−3.2, 0.2) are shown
in panels (a) to (d). The horizontal red lines indicate the values of ℓp,cr (solid) and ℓp,ss (dashed), respectively.
photon luminosity will be much lower in this case. The to-
tal light curve shown in panel (b) consists of structured
flares obtained from a prolonged exposition of the system
to supercritical regime and single spiked flares obtained for
ℓp,cr < ℓp < ℓp,ss, same as in panel (a). Finally in panels (c)
and (d) the above become even more pronounced, and the
system shows again both structured and single bursts being
more clustered together.
Motivated by the large differences between the temporal
profiles of the proton (input) and photon (output) compact-
nesses, we computed the respective power spectral densities
(PSD) by performing a fast Fourier transform on the mean-
subtracted normalized (with respect to the maximum value)
ℓp(τ ) and ℓγ(τ ). Figure 5 shows the logarithmically binned
PSDs for three indicative cases shown in Fig. 3(a), Fig. 4(b),
and Fig. 4(d). A steepening of the photon PSD at high fre-
quencies is evident, especially in the leftmost case where all
the “flickering” occurring on short timescales in the proton
injection has disappeared from the photon light curve due
to the long synchrotron cooling timescale of protons. On the
other hand, in the rightmost figure the photon PSD retain
the basic shape of the corresponding proton PSD because,
as can be seen from Fig. 4 the photon light curve mimics
the proton one especially during maxima.
4 RELEVANCE TO GRB VARIABILITY
In this section, we apply our previous results to the GRB
temporal phenomenology. There is a huge variety of GRB
light curves, each of them exhibiting a unique behaviour.
Broadly speaking, they can be divided into two categories:
those showing fast-rising-exponential decay (FRED-type)
and those consisting of several sub-pulses with typical
widths spanning from hundreds of ms up to several sec-
onds (e.g. Norris et al. (1996)). The PSD of observed GRB
light curves can be described as a power law, i.e., Pf ∝
f−β with β ≈ 5/3 (Beloborodov et al. 2000; Dichiara et al.
2013), while there is no compelling evidence for periodicities
(Guidorzi et al. 2016).
We assume a relativistic magnetized outflow with bulk
Lorentz factor Γ. Energy is dissipated internally to the flow
at a certain distance from the central engine where parti-
cle acceleration to high energies also takes place. The ac-
celerated protons, having a power-law energy distribution
MNRAS 000, 1–?? (2018)
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Figure 4. Logarithmic plot of the photon compactness as a function of time (in R/c units) obtained for increasing amplitude A – see
eq. (2). Panels (a) to (d) correspond to A = 0.05, 0.075 , 0.1 and 0.125. The time profile of ℓp multiplied by the ratio mp/me is shown
in every case with grey lines. Other parameters same as in Fig. 3.
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Figure 5. Logarithmically binned power spectral densities of ℓp (grey lines) and ℓγ (red lines) for the same cases shown in Fig. 3(a),
Fig. 4(b), and Fig. 4(d) (from left to right).
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of index s = 2, are injected with luminosity Lp into a
non-expanding region of size R. The proton compactness is
now defined as ℓp = σTLp/4πRΓ
4mpc
3. Petropoulou et al.
(2014a) derived the conditions leading to a proton supercrit-
icality (i.e., the value of ℓp,cr), for a constant energy injection
rate. The authors also demonstrated that the photon spec-
tra produced via photohadronic interactions may obtain a
Band-like shape due to Comptonization by cooled pairs (for
the role of Comptonization in hadronic scenarios, see also
Murase et al. 2012).
If the GRB central engine shows erratic activity, it is
reasonable to assume that the dissipation process is itself
variable and, in turn, the proton injection rate. Clearly, as
the limit cycle period is a function of the injection, a variable
injection will bring the system at various levels of supercrit-
icality and the superposition of the induced variability with
the internal modes of the system can produce some interest-
ing temporal signatures.
We set to explore the variability patterns using an algo-
rithm similar to the one introduced in the previous section
(see also Mastichiadis et al. 2013). We assume that the pro-
ton injection varies in a random-walk way, i.e., the injection
rate is allowed to increase or decrease from one time step
to the next one by a small percentage – see also eq. (2)).
The parameter values (e.g., magnetic field strength, size,
and maximum proton energy) used here are the same as
in Sect. 3. We computed the evolution of the photon flux
with time for six proton injection profiles that differ in the
amount of the total energy injected into the system. Our
results are presented in Fig. 6 where each panel shows the
proton injection profile on logarithmic scale (top) and the
observed bolometric light curve on linear scale (bottom). In
all cases, the value of the bulk Lorentz factor used to make
the transformation to the observer’s frame is marked on the
plot, while the red horizontal lines denote the characteristic
values of ℓp,cr and ℓp,ss, as determined in Sect. 3.1.
Even within the small sample of study cases, we find a
wide variety in the obtained light curves, which exhibit (i)
single spikes separated by quiescent time intervals (panels a
to c), longer duration pulses with sub-structure (panels c, d,
and f), and (iii) a single smooth exponentially decaying pulse
(panel e). An one-to-one comparison of ℓp(τ ) and Fγ(tobs)
shows that no variability is observable whenever ℓp < ℓp,cr.
This is expected, since in the subcritical regime the radiative
efficiency of the system is very low, while the photon spec-
trum is very different than the Band-like spectrum of typical
GRBs (for details, see Petropoulou et al. 2014a). However,
as soon as ℓp > ℓp,cr (supercritical regime) the radiative
efficiency becomes high and the light curve exhibits vari-
ability on a range of timescales. For the adopted values of
R and Γ, the variability timescale in the observer’s frame –
defined as δt = (1 + z)R/cΓ – ranges between 0.1 s and 0.5
s. Even shorter timescales may obtained for smaller sources
and/or larger Lorentz factors. We also note that in the com-
puted light curves there is no evidence for a correlation be-
tween the duration of the pulses and their time of occur-
rence. This is a result of our assumption that the size of the
source remains constant during the injection episode. The
bolometric fluences range between 7×10−6 erg cm−2 (panel
a) and 7 × 10−5 erg cm−2 (panel c). These values are, in
good approximation, equal to the gamma-ray fluences, since
Table 1. Total (isotropic) injected proton energy Ep and bolo-
metric photon energy Eγ (in the observer’s frame) computed for
the six cases presented in Fig. 6. The last column shows the ra-
diative efficiency η.
Run Γ Ep [erg] Eγ [erg] η
a 400 6.8× 1053 2.3× 1053 0.33
b 500 3.6× 1054 1.4× 1054 0.38
c 300 1055 3× 1054 0.30
d 300 5.5× 1054 2.1× 1054 0.38
e 800 1054 9.9× 1052 0.09
f 200 9.3× 1054 2.1× 1054 0.23
the photon spectrum peaks in the MeV regime in observer’s
reference frame (Petropoulou et al. 2014a).
In order to facilitate the comparison with the results of
our theoretical investigation (see Sect. 2), we have chosen
the duration of the whole injection episode to be the same
(i.e., T = 103R(1 + z)/(cΓ) in the observer’s frame). The
proton energy injected inside the blob during this period T
can be calculated as 4πRmpc
3Γ4σ−1T
∫ T
0
dtobsℓp(tobs). The
bolometric photon energy released during the same time in-
terval T , Eγ , is a significant fraction of the proton energy,
as shown in Table 1. The radiative efficiency η ≡ Eγ/Ep
is higher than 20 per cent in all cases, but one (run e). In
the latter case, the system becomes supercritical only for a
short time window during the whole episode, thus leading
to a reduced efficiency (see Fig. 6.)
The PSDs of the light curves2 shown in Fig. 6 are pre-
sented in Fig. 7. The PSDs were binned with a logarithmic
bin of 1.1. They can be described by a single or a broken
power law (panels b-f and panel a, respectively). We find
that the power-law index of the PSD ranges between ∼ −2.5
to ∼ −1, while the PSD of the proton injection profile is, in
all cases, P (f) ∝ f−α with α = 1.8. Red lines with slopes
-1 (solid), -2 (dashed), and -3 (dotted) are overplotted in all
panels for comparison. The PSD of the light curve does not
always resemble that of the injection profile, as illustrated
in panels (a) and (f). In the former case, for example, the
radiation is released in a series of bursts that are separated
in time, although the energy injection is a red noise process.
5 DISCUSSION
In the present paper we have examined the variability pat-
terns expected in the context of one-zone hadronic mod-
els. As it was shown by Kirk & Mastichiadis (1992) when
the density of the relativistic protons is above some critical
value, then the system becomes supercritical and exhibits
some interesting temporal behaviour.
We first investigated the dynamical behaviour of the
system in the case of constant energy injection rate and
verified the results of previous studies (Stern & Svensson
1991; Mastichiadis et al. 2005; Petropoulou & Mastichiadis
2012a). These are summarized below:
• for low enough proton injection compactnesses, a sub-
critical steady state is established. In the absence of external
2 We performed the fast Fourier transform on the mean-
subtracted normalized (with respect to the maximum value) light
curves.
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Figure 6. Each panel shows the bolometric photon light curve as measured in the observer’s frame (bottom) obtained for a proton
injection profile (top) whose PSD is P (f) ∝ f−α, with α = 1.8. The values of Γ used for the transformation to the observer’s frame are
marked on each plot. The source is assumed to be located at a redshift z = 1.5.
photons, the main loss mechanism for protons is synchrotron
radiation and the system can be very inefficient especially
when γmax and B are such that the synchrotron cooling
timescale is much longer than the dynamical one.
• if the proton compactness exceeds a critical value ℓp,cr,
then the system becomes supercritical, i.e. the energy stored
into relativistic protons is released within a few dynamical
timescales. For the lowest values of ℓp that are still above
ℓp,cr, the system exhibits quasi-periodic oscillations (limit
cycles) that become more frequent as ℓp increases. The rea-
son is that the “burned” proton energy in each photon out-
burst is replenished at a higher rate as ℓp increases. This, in
turn, causes the outbursts to occur in shorter time intervals.
• for even larger values of ℓp above ℓp,cr, the system shows
a dumped oscillatory behaviour. In this regime, the proton
energy is replenished so fast that the light curve reaches a
steady state. This supercritical steady state is characterized
by strong photopair and photopion losses for the protons
with synchrotron contributing only a small percentage. This
behaviour is common almost for all initial parameters, i.e.
in most cases the transition of a system to supercriticality
is achieved through a succession of limit cycle states. If we
denote ℓp,ss the value of the injected compactness where the
system reaches quickly – i.e. after one or two outbursts –
the supercritical steady state, we typically find that ℓp,ss ∼
10 ℓp,cr.
As a second step, we investigated the variability pat-
terns of the hadronic system in the general case of a variable
energy injection rate. The basic findings of our analysis (see
Sect. 3) can be summarized in the following points:
(i) the photon light curves tend to follow closely the vari-
ations of the injection either when the system is subcritical
(ℓp < ℓp,cr or low zone) or when the conditions drive it deep
in the supercritical regime (ℓp > ℓp,ss or high zone).
(ii) the intermediate zone, which is a unique feature of the
leptohadronic systems, acts in the exact opposite way of a
typical frequency filter by allowing the emergence of specific
frequencies.
(iii) the photon light curves exhibit complex patterns
whenever the injection falls in the intermediate zone (ℓp,cr ≤
ℓp ≤ ℓp,ss). The observed structured flares are the result of
the superposition of the intrinsic periodicity and the vari-
ability of the energy injection source.
(iv) there is not a one-to-one relation between the power
spectral density of the energy injection function and that of
the photon light curves.
(v) the slope of the power spectral density of photon light
MNRAS 000, 1–?? (2018)
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Figure 7. Logarithmically binned PSDs of the observed bolometric photon light curves shown in Fig. 6. Red lines with slopes -1 (solid),
-2 (dashed), -3 (dotted) are overplotted for comparison. In all cases, the PSD of the proton injection profile is P (f) ∝ f−α with α = 1.8.
curves is not sensitive on the total injected energy but rather
on the time spent in the intermediate and high zones.
The work presented here can be considered as a contin-
uation of Petropoulou et al. (2014a) who showed that for
parameters relevant to GRBs, the system produces pho-
ton luminosities and spectra that are very similar to those
observed during the GRB prompt emission phase. In this
paper, we show that another major property of hadronic
systems, i.e. their inherent non-linearity, can be applied to
GRBs that are clearly dynamical systems. However, to fully
apply this model to the emission of GRBs, one has to provide
a physical mechanism that is responsible for the variable par-
ticle injection (for other scenarios for GRB variability, see
e.g. Zhang & Zhang 2014).
In the present treatment we have deliberately ignored
the presence of accelerated electrons in the source, since we
wanted to study the temporal properties of the system with
as few free parameters as possible. The presence of elec-
trons in the source would result in the production of addi-
tional photons (e.g. synchrotron) that could, in principle, act
as targets for photohadronic interactions. Thus, relativistic
electrons could affect the onset of supercriticality by lower-
ing the critical proton compactness ℓp,cr. For example, the
injection of accelerated electrons with a power law distribu-
tion of slope s = 2 extending to γe,max = γp,max (me/mp)
with luminosity Le = 0.01 Lp would correspond to a 3%
lower value of ℓp,cr for the same parameters as those used in
Fig. 1. We also find that the frequency of quasi-periodic
oscillations increases with increasing electron luminosity.
When the latter exceeds ∼ 25% of the proton luminosity,
the intrinsic variability of the system is washed out and the
system reaches a steady state as soon as it becomes super-
critical.
The onset of hadronic supercriticality depends on a
combination of physical parameters, such as the maxi-
mum proton energy and the magnetic field strength (e.g.
Kirk & Mastichiadis 1992; Petropoulou & Mastichiadis
2012b). Yet, the variability patterns discussed here are
not sensitive to the specifics of the model. For instance,
our results do not depend on the duration of the energy
injection per se, but rather on the time that the system
spends on the supercritical regime. If the emitting region
was smaller (e.g., R = 1011 cm), we would still obtain
similar results as those shown in Fig. 6 except for the
shorter variability timescale and total duration of the
episode.
The variability signatures from the source do not rely on
the presence of ultra high-energy protons in the source. The
neutrino signal predicted for different types of light curves
and different maximum proton energies is worth investigat-
ing (see also Bustamante et al. 2017, for neutrino emissivity
based on various types of GRB variability). For sufficiently
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low proton energies that ensure the onset of supercriticality,
the produced neutrinos might have enough low energies (e.g.
< 100 TeV) that the constraints put on GRBs as neutrino
emitters (e.g. Aartsen et al. 2015, 2016) would not apply.
We plan to address this issue in a future publication.
Summarizing, systems containing magnetic fields, rel-
ativistic protons, and pairs can exhibit unique variability
patterns as a result of a non-linear network of the radia-
tive processes in play. This paper presents a new aspect of
hadronic variability with potential application to compact
high-energy emitting sources.
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